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Abstract 
We present a theoretical description of the influence of misfit strain on mobile defects 
dynamics in thin strained ferroelectric films. Self-consistent solutions obtained by coupling 
the Poisson’s equation for electric potential with continuity equations for mobile donor and 
electron concentrations and time-dependent Landau-Ginzburg-Devonshire equations reveal 
that the Vegard mechanism (chemical pressure) leads to the redistribution of both charged 
and electro-neutral defects in order to decrease the effective stress in the film. Internal 
electric fields, both built-in and depolarization ones, lead to a strong accumulation of 
screening space charges (charged defects and electrons) near the film interfaces. Importantly, 
the corresponding screening length is governed by the misfit strain and Vegard coefficient. 
Mobile defects dynamics, kinetics of polarization and electric current reversal are defined by 
the complex interplay between the donor, electron and phonon relaxation times, misfit strain, 
finite size effect and Vegard stresses.  
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 I. Introduction 
The thermodynamic stability of point defects, such as vacancies and the resulting cation 
kinetics, remains a highly intriguing and controversial area in functional oxide thin films and 
interfaces . [ , , ]1 2 3  Interface regions naturally provide a rich tapestry of physical and chemical 
defect phenomena, such as those related with misfit dislocations, vacancies and other lattice 
defects. [ , , , ]4 5 6 7  In particular epitaxial ferroic metal oxide thin films with the perovskite ABO3 
structure (bismuth ferrite-BiFeO3, lead zirconate titanate - (Pb,Zr)TiO3, strontium titianate –
SrTiO3 etc) are extremely sensitive to the presence of mobile oxygen vacancies and cations. 
It is well known that such entities have a very strong and non-trivial effect on their electro-
physical, polar and magnetic properties. [ , ]8 9
Over the years, numerous models based on factors such as misfit strain and kinetics of 
ion mobility have been developed to analyse and understand various factors governing the 
interfacial chemical stability (see e.g. Ref. [10, 11]). For example, Stephenson and Highland 
[ ]12  developed a thermodynamic theory of the ferroelectric phase transition in an ultrathin film 
in equilibrium with a chemical environment that supplies ions to screen bond surface charges 
caused by the spontaneous polarization. Similarly, Shenoy et al. [ , ]13 14  considered the impact 
of charged vacancies and cations on the formation of space charge layers, which produce 
strains that substantially alter thermodynamic equilibrium near surfaces in ionic solids. The 
thermodynamic approach was then extended to ferroelectric films with different doping 
levels by donors. [ ]15  While the previous reports account for the epitaxial misfit strain in the 
Landau expansion on polarization powers, how the misfit strain affects oxygen vacancies 
redistribution has not yet been explained. On the other hand the kinetics of vacancy diffusion 
across interfaces (without the influence of misfit strain) in other materials systems such as 
multi-component alloys and electrode-electrolyte interfaces has been modelled.[1, , 16 17]  
With the continuing push for oxide nanoelectronic devices with interface-driven 
functionalities the interplay between defects and misfit strain can no longer be ignored. For 
example, Kalinin and Spaldin recently offered a perspective on how tuning the defect 
concentration and profiles could in itself lead to new functionalities in metal oxide materials 
systems.[ ]18  First principle computations on calcium manganite recently demonstrated that 
epitaxial misfit strain can be exploited as a route to engineering vacancy ordering in epitaxial 
thin films.[ ]19  Most critically, it was shown that point defect formation is also a likely strain-
relaxation mechanism. 
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Previously, we reported about misfit strain driven La cation inter-diffusion across the 
epitaxial BiFeO3 (BFO) thin film from the interface with LaAlO3 (LAO).[ ]20  We observed 
cation intermixing at the interface using an aberration corrected scanning transmission 
electron microscopy-electron energy loss spectroscopy (STEM – EELS). The experimentally 
observed cation intermixing over a length scale of ~ 2 nm was explained based on the driving 
forces generated under the influence of the misfit strain. A Ginzburg-Landau-Devonshire 
(LGD) thermodynamic model combined with Sheldon and Shenoy formalism [13, 14, 15] was 
used to explain the cation intermixing.  
Generally speaking, the influence of mechanical and electrical boundary conditions at 
an oxide interface on defect migration still remains a theoretical challenge. The local 
redistribution, , of mobile ions concentration, N, caused by electromigration (electric 
field-driven) and diffusion (concentration gradient-driven) mechanisms changes the lattice 
molar volume. The changes in volume result in local electrochemical strains, 
Nδ
NWu δ∝δ , 
which can be regarded as "Vegard strains" and W is a Vegard coefficient. [ ]21  The Vegard 
mechanism (chemical pressure) plays a decisive role in the origin of local strains caused by 
the point defects kinetics in solids.[ , , , , ]22 23 24 25 26  Analytical models [ , , , , ]27 28 29 30 31  proved that 
the coupling between ionic redistribution and Vegard strains can give rise to the local strain 
response in mixed electronic-ionic Li-containing conductors and SrTiO3 with charged 
defects. In all of the abovementioned Refs [1-12Ошибка! Закладка не определена., 27-31] the critical 
influence of the misfit strain on the oxygen vacancies and their redistribution was not 
considered. The simple theoretical model used for the description of experimental results [20] 
considered only charged vacancies thermodynamics. Naturally, we need to study additional 
variables (hysteresis loops, etc) to obtain a fuller picture of the correlation between the 
functional properties and interfacial thermodynamics and kinetics of both, charged and 
neutral species in thin ferroelectric films. This motivated us to perform the present theoretical 
study, where the main aim was to explore how the misfit strain can influence the gradient of 
defect concentration and consequently device properties, such as exploiting the polarization 
reversal and electric current kinetics. 
Our theoretical approach is based on the solution of the Poisson equation for electric 
potential coupled with kinetic equations for donor and electron concentrations and time-
dependent Landau-Ginzburg-Devonshire (LGD) equation for the ferroelectric polarization. 
Vegard stresses and misfit strain lead to the shift of the donor and electron chemical 
potentials in kinetic equations and dielectric stiffness in LGD equation. To illustrate the 
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approach we chose BFO film clamped on a rigid oxide substrate, since the system is one of 
the most promising for advance applications in nanoelectronics. [ , , ]32 33 34
The original part of the paper is organized as follows. The problem and basic 
equations are stated in section 2. Analytical descriptions of the system behaviour in 
thermodynamic equilibrium are evolved in section 3. Ferroelectric polarization reversal and 
electric current kinetics are analysed in section 4. Section 5 summarizes briefly our results. 
Evident forms of the LGD thermodynamic potential, coupled equations for ferroelectric 
polarization reversal and electric current kinetics in dimensionless variables, and calculation 
details of the equilibrium concentration of neutral defects are listed in the Supplementary 
Materials. 
 
II. Problem statement and basic equations 
 Let us consider an electroded oxide ferroelectric thin film without a domain structure 
clamped by a rigid substrate (see Figure 1).  
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Figure 1. Schematics of a ferroelectric epitaxial film clamped on a rigid substrate. Note that a 
thermodynamics of a similar system without thin top electrode was considered in Ref.[20]. 
 
 In the case all physical quantities depend only on the distance  from the film-
substrate interface (1D problem). Epitaxial misfit strain u
3x
m can exist at the film/substrate 
interface. Mobile positively charged point defects (e.g. oxygen vacancies or cations) and free 
electrons are regarded inherent to the film. The ferroelectric polarization  and mobile 
charge carriers redistribution can create the internal electric field in the film, 
( )33 xP
33 xE ∂ϕ∂−= , 
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where ϕ is the corresponding electric potential. Potential ϕ is described by the Poisson 
equation in a self-consistent way: 
( ) ( )⎟⎠
⎞⎜⎝
⎛ ϕ−ϕ−∂
∂=∂
ϕ∂εε ∑ + nNZexPx k kkb 3323
2
0                                (1a) 
Here ε0=8.85×10−12 F/m, the dielectric permittivity of vacuum; bε  is a background 
permittivity of ferroelectric,[ ]35   is a ferroelectric polarization, electron density is n, ionized 
defect concentration is , e=1.6×10
3P
+
kN
−19 C the electron charge,  is the defect charge (that 
is equal to zero for uncharged vacancies or isovalent impurities). For the sake of clarity let us 
suppose that electric potential satisfies the fixed boundary conditions at the electrodes  
kZ
( ) ( ) btU ϕ+=ϕ 0 ,                  ( ) 0=ϕ h ,                         (1b) 
which corresponds to the electroded film of thickness h with perfectly conducting thin top 
electrode. The (constant or periodic) voltage U is applied to the bottom electrode,  is built-
in potential (if any originated from e.g. Shottky contact between the film and bottom 
electrode).  
bϕ
 The donor dynamics are described by the corresponding continuity equation 
supplemented with boundary conditions. Continuity equation for ionized donor concentration 
 is [31]:  +kN
01
3
=∂
∂+∂
∂ +
x
J
eZt
N dk
k
k ,                                             (2) 
where the current  is proportional to the gradients of the carrier electrochemical potentials 
levels 
d
kJ
kζ  as ( 3xNeZJ kkkkdk ∂ζ∂η−= + ) , where kη  is the ions/vacancies mobility coefficient 
that is regarded constant. The electrochemical potential level kζ  in expression for donor 
current is defined as: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
−+ϕ+σ−−≈ζ +
+
kk
k
Bkij
k
ijdkk NN
NTkeZWE 0ln .                                  (3) 
Where  is the k-type donor level, misfit-dependent elastic stress tensor is , T is the 
absolute temperature,  is a Boltzmann constant,  is the Vegard strain tensor of (other 
equivalent names are chemical pressure 
dkE ijσ
Bk
k
ijW
[32] and elastic dipole [ ]36  tensor) hereinafter regarded 
as diagonal [ , ]37 38  and  (ij
kk
ij WW δ= ijδ  is delta Kroneker symbol). The absolute value of W 
for ABO3 compounds was estimated as W  = (1 ÷ 10) Å3 following refs. [36]. The maximal 
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possible concentration of donors ( ), takes into account steric effects .0kN
 [ , ]39 40  For numerical 
estimates one should assume that , where  is the maximal volume allowed per 
donor centre. From Equation (3), donor concentration is 
30 −≡ aN k 3a
( )( )dkijkijdkkd eZWEfNN ζ+ϕ−σ+−=+ 10 , and thus  because the Fermi-Dirac 
distribution function 
0
kd NN <+
( ) ( )( 1exp1 −+= Tkxxf B )  is always smaller than unity at finite 
temperatures. Electrons are regarded to be infinitely small and the strains associated with 
electron crowding are not considered here, i.e. the deformation potential effect is neglected. 
 After establishing the methodology for estimating the local electrochemical potential 
based on donor concentration, we turn attention towards fixing the boundary conditions. The 
boundary conditions for the ionic/vacancies current at the film-substrate interface 03 =x  is 
taken in the linearized Chang-Jaffe (CJ) form, ( )( ) 0
03
=−− =+ xSkkkdk NNvJ ,  is a positive 
rate constant related with the surface recombination velocity.
kv
 [ ]41  The CJ condition contains 
the continuous transition from the “open” interface ( ∞→kv  ⇒ ) to the interface 
limited kinetics ( ) and “completely blocking” interface ( ). The surface 
 is regarding blocking for mobile donors and so 
S
kk NN =+
∞<< kv0 0=kv
hx =3 ( ) 0=hJ dk .  
 To calculate electron dynamics, one should solve the corresponding kinetic equation 
supplemented with boundary conditions. Under negligibly small impact of the electron 
hopping and recombination-generation process, continuity equation for electrons is:  
01
3
3 =∂
∂−∂
∂
x
J
et
n e                                                       (4) 
Where the electron current ( )3xneJ eee ∂ζ∂η= , eη  is the electron mobility coefficient. In 
continuous approximation for the concentration of the electrons in the conduction band the 
electrochemical potential level eζ  in expression for electron current is defined as: 
( ) ϕ−⎟⎟⎠
⎞
⎜⎜⎝
⎛ ϕ+≈ζ − e
N
nFTkE
C
BCe
1
2/1 ,                               (5) 
where the electro-chemical potential eζ  tends to the Fermi energy level  in equilibrium, 
 is the bottom of conductive band,  is the function inverse to the Fermi integral 
FE
CE
1
2/1
−F
( ) ( )∫
∞
ξ−ζ+
ζζ
π=ξ 021 exp1
2 dF ; effective density of electron states in the conductive band in the 
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effective mass approximation is 
2/3
22
⎟⎠
⎞⎜⎝
⎛
π= h
Tkm
N BnC , where an electron effective mass is 
.nm
[ ]42  Electron density can be calculated from Eq.(5) as ( )( )TkEeFNn BCeC −ζ+ϕ= 21 . 
The CJ boundary conditions for the electron current are  and 
. Numerical values of v
( )( )00 ,0)0( ntnvJ e −=
( )( 11 ,)( nthnvhJ e −−= ) 0,1 are determined by the electrode and film 
material. If the rate constants are infinitely high, then the equilibrium electron density at the 
contacts is fixed by the electrodes and independent of the applied voltage.[43, ]44
 In order to define the electrochemical potential in expression (3) and thus to 
determine the donor distribution, one should find the elastic stress tensor in the film allowing 
for the relevant boundary conditions. Mechanical boundary conditions corresponding to the 
epitaxial thin film clamped on a rigid cubic substrate are conventional,  at the top 
free surface , and 
( ) 003 =σ i
03 =x ( ) ( ) muhuhu == 2211  at the film-substrate interface ,  is the 
film-substrate misfit strain. In the case where dislocations are absent, the stress field has the 
form: 
hx =3 mu
0332313 =σ=σ=σ ,        ( )
1211
02211
2
ss
NNW kek
k
+
−−σ=σ+σ≡σ
++
.               (6) 
The effective bi-axial stress  originates from misfit, polar long-range ordering and 
flexoelectric coupling,  is the equilibrium constant concentration of the charged defects 
(see 
0σ
+
keN
[ , ]45 46  and Appendix A of Suppl. Mat). It can be stated that the impact of the 
flexoelectric coupling on the shear stress can be ignored only for the case of purely out-of-
plane polarization . Exactly the case is considered below and for this case the stress 
is: 
( )33 xP≡P
( ) ( )
1211
3
2
312
30
22
ss
xPQu
x m +
−=σ                                               (7) 
Here  is the electrostriction tensor coefficient,  are elastic compliances. For typical 
perovskite-type ferroelectrics with 
ijklQ ijs
( ) 02211 >+ QQ  and 012 <Q , out-of-plane polarization can 
be stabilized by compressive strains 0<mu .[ ]47  and therefore compressive strains will be 
considered below.  
Note, that the stress gradient in ferroelectrics-antiferrodistortive perovskites (like 
BFO) can be caused by the octahedral tilt gradient across the interface via rotostriction 
mechanism as estimated in the Appendix A of Suppl. Mat. More importantly, since the 
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stress is misfit-dependent, electrochemical potential level (3) and donor concentration 
become misfit-dependent in a self-consistent manner. The dependence of the donor 
concentration on the misfit-strain can lead to their misfit-driven diffusion. 
 To calculate the stress from Eq.(7) one requires to know the polarization distribution 
. Inhomogeneous spatial distribution of the polarization ( )33 xP ( )33 xP  can be determined 
from the time-dependent LGD equation: 
( )
3
2
3
3
2
11
3
311333 , xx
PgPaPxTP
t R ∂
ϕ∂−=∂
∂−+α+∂
∂Γ                            (8) 
Where  is the Khalatnikov coefficient determined by the phonon relaxation time, 
, and  and  are the coefficients of the LGD potential 
expansion on the polarization powers. Corresponding boundary conditions are, 
Γ
( ) ( ) ( 33313 2, xQTaxT ijijR σ−=α ) ia ija
0
0
3
3
3
3
=∂
∂λ−
=x
P Px
P  and 0
3
3
3
3 =∂
∂λ+
=hx
P Px
P . The geometrical sense of extrapolation 
length and  is described in Ref.[Pλ 48]. The lengths are determined by the surface energy that 
depends on the surface state and is poorly known for ferroelectrics. The physically realistic 
range is 0.5 – 2 nm.[ ]49  The boundary conditions reflect the surface energy contribution into 
the polarization vector components slope near the surface.  
 Thus, in the proposed model, the mathematical statements given by Eqs.(1)-(8), are 
self-consistent because it allows one to calculate the influence of the misfit strain on the 
elastic stress distribution (via Eq.(7)), then the stress distribution on the donor redistribution 
(via Eqs.(1)-(3)), and finally the donor redistribution influence on the electric potential (via 
Eq.(1)), and polarization (via Eq.(8)) in a self-consistent manner. Using the formulation of 
the basic framework given by Eqs.(1)-(8) the influence of the misfit strain on the cation or 
vacancies interdiffusion in heteroepitaxial oxide thin films can be established 
comprehensively. 
 
III. The system behaviour in thermodynamic equilibrium 
In order to shed more light on the film state at very slow variations of applied voltage, next 
we consider the system in thermodynamic equilibrium. Examination of formulation (1)-(8) 
for the equilibrium case gives us additional grounds for its applicability in the kinetic case. 
So, let us analyse the system behaviour in the thermodynamic equilibrium at zero 
external voltage, . Below we calculate the concentration of ionized donors, electrostatic 
potential, elastic stress and polarization distribution across the film depth z. It is necessary to 
0=U
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know these physical quantities behaviour for the characterization of electrophysical 
properties such as origin of the space charge layers, static conductivity, I-V characteristics, 
polarization hysteresis loops shape, corresponding remanent polarization and coercive field in 
a strained ferroelectric thin film.  
Following the Shenoy et al. formalism [13-15], the equilibrium defect concentration 
consistent with the statistics of chemically diluted solutions can be derived after the solution 
of Eq.(3) with respect to , allowing for the fact that the position of donors' 
electrochemical potential 
+
dN
dζ  in Eq.(3) is given by the Fermi energy, e.g. Fd E−=ζ  in 
thermodynamic equilibrium. Thus we obtained: 
( ) ( )( )Fdijijddijd EeZWEfNN −ϕ−σ+−=ϕσ+ 1, 0                  (9a) 
Fermi-Dirac distribution function is ( ) ( )( ) 1exp1 −+= Tkxxf B . Let us recall, that 
( )26240 1010 −∝dN  m-3 is the maximal steric concentration of defect atoms.  
Note, that Equation (9a) is valid beyond Boltzmann approximation and thus accounts 
for the steric effects. In Boltzmann approximation Eq.(9a) gives concentration variation 
( )( )TkeZWNN Bdijijded ϕ−σ= ++ exp , where ( )( )TkEENN BFddde −=+ exp0  is the equilibrium 
concentration of ionized donors. The concentration of the electrons in the thermodynamic 
equilibrium can be derived directly from Eq.(5) under the condition Fe E=ζ . By solving the 
Eq.(5) with respect to  we obtained the dependence of the concentration on the electric 
potential as: 
n
( )( )TkEEeFNn BCFC −+ϕ= 2/1 .                  (9b) 
When the dependence of donors and electrons concentration on electrostatic potential are 
determined by Eqs.(9a and 9b), one can find numerically the electrostatic potential from 
Eq.(1a) with boundary conditions (1b) in a self-consistent manner.  
Approximate analytical results can be obtained from the Debye approximation that is 
valid under the condition TkeZ Bd <ϕ . In the approximation 
( )( )TkeZTkWNN BdBijijded ϕ−σ≈ ++ 1exp , ( )Tkenn Bϕ+≈ 10  and electroneutrality at zero 
potential gives the condition ( )TkWNn Bijijde σ= + exp0 . In the Debye approximation Eq.(1a) 
becomes 
3
3
0
22
3
2 1
x
P
Rx bd ∂
∂
εε=
ϕ−∂
ϕ∂ , and its solution is:  
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( ) ( )( )( ) ( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ξξ⎟⎟⎠
⎞
⎜⎜⎝
⎛
ξ+ξξ⎟⎟⎠
⎞
⎜⎜⎝
⎛
ξεε−
−ϕ=ϕ ∫∫ dzGddPdzGddPRRh Rxhx
h
x
x
b
d
d
d
b
3
3
,,
sinh
sinh 3
0
3
0
3
3 .           (10) 
The Green’s function is ( ) ( ) ( )( )( )d
dd
Rh
RzhRzG
sinh
sinhsinh, −ξ=ξ . The first term originated from 
the built-in potential, the second one originated from the depolarization field. In Equation 
(10) the Debye screening radius  is introduced as: dR
⎟⎟⎠
⎞
⎜⎜⎝
⎛ σ−=
Tk
WRR
B
dd 2
exp 00 ,                                         (11) 
The typical values of radius ( ) ++
εε=
ded
Bb
d NZe
Tk
R
12
00  is ( )101− nm for the donor charge 1=dZ , 
T=300 K, background permittivity 5∝εb  and defect equilibrium concentration 
( )2422 1010 −=+deN  m-3. Vegard strain coefficient absolute value can be taken as W ∝ (1 − 
10) Å3. Designation 0σ  in Eq.(11) is the effective stress. The average stress can be obtained 
by the averaging of Eq.(7) over the film thickness h:  
1211
2
312
0 2 ss
PQum
+
−=σ .                                                 (12) 
Since the expressions for effective stress (12) and potential (10) are polarization-dependent 
one should determine the polarization distribution from e.g. Eq.(8) to make the derived 
expressions self-consistent. In the static case the solution of Eq.(8) for polarization is [ ]50 : 
( ) ( )( ) ( ) ( )⎟⎟⎠
⎞
⎜⎜⎝
⎛
λ+−= PPPP
P
LhLLh
LxPxP
2sinh2cosh
cosh1 3333 .               (13) 
Solution (13) near the interface 03 =x  acquires the following form 
( ) ( )⎟⎟⎠
⎞
⎜⎜⎝
⎛
λ+
−−≈
PP
P
L
Lx
PxP
21
2exp
1 3333 . Here 3P  is the spontaneous values of the order parameter 
in the film, which are misfit-dependent in accordance with LGD-theory. Correlation lengths 
are introduced as ( )TLP . Note, that the polarization component normal to the interface, 
, is suppressed by the depolarization field, and thus its gradient typically extend only 
for 0.1 – 0.5 nm. The corresponding correlation length 
( )33 xP
( )TLP  is about, or smaller than, the 
lattice constant. For this case only the strain gradient gives rise to the diffusion of both 
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charged and uncharged species. Note that in fact the LGD-expansion coefficient is 
renormalized by misfit strain and Vegard effect in Eq.(8), as 
( ) ( ) ( )( )( )121112
4
ss
NNWuQ
TTT dedmbCT +
−+−−α=α
++
. This fact allows us to estimate the dependence 
of the average remanent polarization ( )033 =extEP  and coercive field  on misfit strain  
and Vegard coupling W  as: 
T
crE mu
( )( )
( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+α
−++−≈
++
h
h
ssT
NNWuQ
T
TPP cr
T
b
C
dedm
b
C
T
S
1211
12
3
41 ,                    (14a) 
( )( )
( )
23
1211
1241 ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+α
−++−≈
++
h
h
ssT
NNWuQ
T
TE cr
T
b
C
dedm
b
C
T
cr
)
Ecr .                    (14b) 
Where  are  the spontaneous polarization and thermodynamic coercive field of bulk 
ferroelectric at temperature 0 K, 
T
SP
T
crE
( PPbCTb
P
cr LT
Lh λ+αεε= 0
 is the critical thickness of the finite 
size induced phase transition into the paraelectric phase. 
 When the evident expression for electric potential (Eq.(10)) effective stress (Eq.(12)) 
and average polarization (Eq.(14a)) are known one can calculate the concentration of ionized 
donors and electrons from Eqs.(9). Here we should note that Eq.(10) as Debye approximation 
that has satisfactory accuracy only under the condition TkeZ Bd <ϕ . Boltzmann 
approximation typically works at TkeZ Bd 10<ϕ ; with further increase of ϕdeZ  steric 
effects included in Eq.(9a) start. Expressions (10)-(14) valid in the Debye approximation can 
explain the system properties on the analytical level. Numerical simulations (results are 
presented below) proved that the strong dependence on  remained beyond the limits of 
Debye or Boltzmann approximation applicability, namely in the case 
mu
TkeZ Bd >>ϕ . 
After establishing the mathematical derivatives of the ferroelectric system in 
thermodynamic equilibrium, the dependence of the electric potential, electrons, ionized 
defects and polarization distribution on the misfit strain and Vegard tensor should be studied. 
This can be established by understanding the dependence of  and W  on all these 
properties. The dependencies illustrated by Figures 2-4 were calculated numerically from 
Eqs.(1)-(9) without any suggestions of the Debye or Boltzmann approximation validity. In 
mu
 11
order to study the net effect of depolarization field we assume zero built-in potential ( 0=ϕb ) 
during the calculations. 
 Depolarization field potential ϕ , polarization SPP3 , relative concentration of 
ionized donors ++ ded NN  and electrons 
+
deNn  profiles calculated for a BFO ferroelectric film 
under different compressive misfit strains  are shown in Figure 2. The position 0 nm 
refers the substrate-film interface, while 20 nm refers the top end of the film. Plots a and b 
show the distribution of  and 
mu
ϕ SPP3  across the film thickness, which are almost indifferent 
to Vegard coefficient values in the range {−1, +1} Å3 and strongly asymmetric with respect 
to the film centre. Actually, different behaviour of the potential and polarization near the film 
surfaces is related to the different width and shape of electron and donor screening layers 
(shown in the plots c and d). Let us underline that the length of the polarization gradient near 
two film surfaces is strongly different, it is about 1 nm near the surface  enriched by 
ionized donors, and about 5 nm near 
03 =x
hx =3  enriched by electrons. Consequently, the actual 
scale is determined by the width of the screening space charge layer, not by the correlation 
length 0.1 – 0.5 nm or equal extrapolation lengths ≈PL PP L1.0=λ . Plots c and d show 
corresponding distributions of the screening charge concentration, +deNn  (solid curves) and 
++
ded NN  (dashed curves) for the positive and negative Vegard coefficient respectively. A 
steric effect leading to the plateau on the ionized donor distribution near the electrode 03 =x  
is pronounced irrespective of the misfit value. The widths of the electron and donor screening 
layers depend on misfit strain. Polarization maximal values increase under the increase of 
compressive misfit strain in qualitative agreement with Eq.(14a).  
Importantly, the theoretical results illustrated by Figure 2 can explain the 
experimental observations.[20] In particular, one can see that electric potential and donor 
concentration gradient noticeably depends on misfit value. For a BFO thin film epitaxially 
clamped on a rigid LAO substrate studied in experimentally [20] the misfit was rather high 
( 5%), La ions were donors, which migrate into the film from a substrate. For this 
case our modelling predicts that the donor concentration decreases 10 times at distances 
about 5-10 nm from the BFO/LAO interface. This in agreement with experimental 
observations 
.4+=mu
[20].  
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Figure 2. Potential  (a), polarization ϕ SPP3  (b), relative concentration of ionized donors 
++
ded NN  and electrons 
+
deNn  (c,d) profiles calculated for BFO film of thickness h= 20 nm, 
absence of the built-in potential ( 0=ϕb ), different misfit strains , 00 =mu 11 −=mu %, 
%, % (labels near the curves), Vegard coefficient 1 Å22 −=mu 33 −=mu −=W 3 (c) and 
1 Å+=W 3 (d). Potential and polarization profiles are almost indifferent to W values in the 
range {-1,+1} Å3. BFO polarization C/m9.0+=SP 2, F/m, elastic compliances 
s
91029.0 ×−=α
11=5.29 10-12 Pa-1, s12= − 1.85 10-12 Pa-1, electrostriction Q11=0.032, Q12= − 0.016 C4/m2 [32], 
extrapolation length ; =0.025 eV (room), equilibrium concentration 
m
PP L1.0=λ TkB
250 10=dN -3, typical values of the level difference 1.0−=− Cd EE eV. Fermi level was 
defined in a self-consistent way [ , , , ]51 52 53 54   
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 Figures 3a and 3b demonstrate how the screening radius depends on the misfit strain 
 and Vegard coefficient W respectively. Figure 3a shows that the screening radius  is 
independent on misfit strain  in the case of zero Vegard coefficient, while non-zero values 
of the coefficient (both positive and negative) leads to the pronounced nonlinear dependence 
of  on , that is in qualitative agreement with Eqs.(11)-(12). One can see from Figure 3b 
that  value nonlinearly depends on the Vegard coefficient and the curves calculated at 
different  cross at a zero point W=0 (as anticipated from the Figure 3a). The dashed line in 
Figure 3b is calculated for ; so it shows the bare impact of the electrostriction 
coupling and Vegard effect on the screening radius. Approximate analytics gives 
mu dR
mu
dR mu
dR
mu
0=mu
( )⎟⎟⎠
⎞
⎜⎜⎝
⎛
+= 1211
2
3120 exp
ssTk
PWQRR
B
dd  for the case 0=mu . Solid curves demonstrate how strongly (up 
to 10 times) compressive misfit strains can influence on the screening radius dependence on 
Vegard coefficient.  
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Figure 3. (a) Dependence of the screening radius  on the misfit strain  calculated for 
different Vegard coefficients , 
dR mu
00 =W 101 −=W Å3, 12 −=W Å3, 13 +=W Å3, Å104 +=W 3 
(labels near the curves). (b)  vs. Vegard coefficient W calculated for different misfit strain 
, %, %, 
dR
00 =mu 11 −=mu 22 −=mu 33 −=mu %, (labels near the curves). BFO parameters are 
the same as in the Figure 2. 
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Now let us study the dependence of the donor concentration averaged over the film 
thickness ( +dN ) and equilibrium concentration ( ) on misfit strain and Vegard stress. 
Dependences of the relative concentrations 
+
deN
0
dd NN
+  and 0dde NN
+  on the Vegard coefficient 
W for different misfit strains are shown in Figures 4a-b. The dependence of 0dd NN
+  on W is 
linear for  and quasi-linear with smooth oscillations for 0=mu 0<mu . The concentrations 
+
dN  and  increase with 
+
deN mu  increase. The concentration  is the highest for negative W 
and decreases when the coefficient becomes positive. Importantly that depending on the sign 
of Vegard effect and misfit strain value equilibrium donor concentration changes 
dramatically [Figure 4b]. 
+
deN
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Figure 4. Dependences of the average and equilibrium concentrations of ionized donors, 
0
dd NN
+  (a) and 0dde NN
+  (b), on the Vegard coefficient W calculated for a set of misfit 
strains , 00 =mu 11 −=mu %, % and 22 −=mu 33 −=mu % (labels near the curves). BiFeO3 film 
thickness h= 20 nm, other parameters are the same as in Figure 2. 
 
On further analysis, it appears that at least three physical mechanisms of the misfit 
strain-driven defect gradient in thin strained ferroelectric films are present. The first driving 
force is the inhomogeneous internal electric field originated from the depolarization effects 
related with spontaneous polarization abrupt at the film surfaces and from the built-in 
potential (if any originated at the film-substrate interface). The electric field potential 
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gradient causes the charged defects concentration variation ( ) ( )⎟⎟⎠
⎞
⎜⎜⎝
⎛ ϕ−∝ 303 exp xTk
eZ
NxN
B
d . 
The region of the defect gradient near the film-substrate interface can be estimated as the 
Debye screening radius  that is exponentially dependent on misfit strain dR
( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
+−∝ Tkss
Wu
R
B
m
d
12112
exp . For 0=mu  typical  values are (1-10) nm at room 
temperature. The exponential dependence of Debye screening radius on  changes the scale 
up to several orders of magnitude.
dR
mu
[20] The second driving force is the intrinsic stress gradient 
30 x∂σ∂  across the film-substrate interface. The stress gradient can be caused by the 
polarization gradient across the interface via electrostriction  and flexoelectric effect : ijQ ijF
2
3
3
2
1211
13
3
3
1211
312
3
0 22
x
P
ss
F
x
P
ss
PQ
x ∂
∂
++∂
∂
+−∝∂
σ∂ . The polarization component normal to the interface is 
suppressed by the depolarization field, and thus its gradient in ferroelectric material without 
free carriers can extend only for 0.1 – 0.5 nm, since the corresponding correlation length Lp is 
small,  nm. However, in the case of ferroelectric-semiconductor the actual 
scale of polarization gradient is determined by the screening space charge layer width that 
can be much higher than . The octahedral tilt gradient across the interface can also 
contribute into the stress gradient in an antiferrodistortive ferroelectric like BFO via 
rotostriction tensor  as 
2.01.0 −∝PL
PL
ijR
3
3
1211
312
3
0 2
xss
R
x ∂
Φ∂
+
Φ−∝∂
σ∂ . The tilts variation are not suppressed by any 
analogy of electric depolarization field and thus its gradient can extend several correlation 
lengths  nm, that gives a value ~ 10 nm.  42 −∝ΦL
The third driving force is the free energy gain in the parent phase. Let us consider the 
model situation when defects are not charged ( 0=dZ ), spontaneous polarization and tilt are 
absent in the parent high temperature phase corresponding to the deposition conditions. The 
variation of the Helmholtz free energy density is ( )( )( )
1211
20
3
ss
NxNWuF m +
−−=δ  (see Appendix 
C of the Suppl. Mat.) Since always ( ) 01211 >+ ss , the variation is positive. So defect 
redistribution becomes the most thermodynamically favorable when the variation 
( ) WuxN m=δ 3  is homogeneous. Neutral defects try to reach homogeneous distribution 
inside the film in paraelectric phase, but the equilibrium state may not be reached in a real 
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time scale (e.g. cation diffusion) due to the associated long duration of the kinetics. Adding 
temporal kinetics makes the system behaviour more complex as will be demonstrated in the 
next section. 
 
IV. Ferroelectric polarization reversal and electric current kinetics 
In dimensionless variables, the kinetic equations for donors and electrons, their chemical 
potentials (2)-(5) coupled with Poisson equation for electric potential (1), time-dependent 
LGD equation (8) and corresponding boundary conditions are listed in Appendix B of 
Suppl. Mat. The combined analysis reveals that the peculiarities of the system kinetics are 
defined by the Landau-Khalatnikov phonon time, bCTLKh Tt αΓ= , characteristic electronic 
and donor times, ( )TkeLt BePe η= 2  and ( )TkeLt BdPd η= 2  respectively, where 
b
CTP TgL α=  is the correlation length at zero temperature. For numerical calculations 
performed in the MathLab package it is convenient to introduce the dimensionless total 
electric current 0
~ JJJ = , [ ]55  polarization SPPP 3~ = , potential ( )TkeU B=ψ , external 
electric field hLE Pψ=~  and film thickness PLhh =~ . The current scale 
PBede LTkNeJ η= +0 , where ( )( )( )TkEEfNN BFddde −−=+ 10  is the equilibrium concentration 
of ionized donors at zero potential and stress. Polarization scale is the spontaneous 
polarization at zero K, βα= bCTS TP . External electric field is introduced as hUE =  and 
its scale is the thermal activation-related field ( )PBT eLTkE = . 
 Based on the above formulations, a numerical solution of the coupled system was 
carried out for the case of completely electron-conducting electrodes ( ∞→ξ  and += db Nn ), 
different characteristic times ratios dLKh tt  and de tt , high enough compressive misfit strains 
 and film thicknesses %2,5.1,1 −−−=mu 205~ −=h . 
The ferroelectric polarization and electric current hysteresis loops calculated for 
different compressive misfit strains %2,5.1,1 −−−=mu , film thickness =h~ 5 and hierarchy 
of characteristic times  are shown in Figure 5. Note that the smallest 
thickness 
deLKh ttt <<<<
5~ =h  was on purpose chosen to be very close to the critical thickness of the size-
induced phase transition from the ferroelectric to the paraelectric state.[ , ]56 57  In Figure 5a, the 
square-to-slim transition of the polarization hysteresis loop shape appears under misfit strain 
decrease. Also, it can be seen from Figure 5a and 5b that the polarization hysteresis loops 
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calculated for %1−=mu  are paraelectric. Polarization hysteresis loops calculated for 
 are non-linear paraelectric-like for slow varying external voltage with period 
, but become slim ferroelectric-like for the period 
%5.1−=mu
dt101 =τ dt=τ2 , when the external 
voltage varies 10 times more rapidly.  
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Figure 5. Dynamic polarization (a,b) and electric current (c,d) hysteresis loops calculated 
from Eqs.(9)-(12) for different applied voltage periods dt101 =τ  (a,c) and  (b,d), film 
thickness 
dt=τ2
=h~ 5 and different misfit strains %2,5.1,1 −−−=mu  (labels near the loops). 
Characteristic times  and de tt 1.0= dLKh tt 01.0= . Vegard coefficients 1−=W Å3, 
extrapolation length . All other parameters are the same as in Figure 2. PP L1.0=λ
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Corresponding electric current curves with doubled smeared maxima at zero voltage 
confirm the paraelectric-like state of the film at dt101 =τ  (Figure 5c), but for the case 
 the similar electric current curve shows a broader single maxima profile indicating 
the ferroelectric-like state of the same film (Figure 5d). Now this leads to the question, what 
happens with the loops of same film for the case of 
dt=τ2
dt=τ2 , while for the case  the 
film state is clearly non-linear paraelectric. In accordance with our model exactly the 
retarding of mobile donors with respect to applied voltage phase causes the dynamic 
hysteretic non-linearity of polarization change and, thus, induces ferroelectric-like behaviour. 
The behaviour is, in fact, illusive, because the coercive field for the polarization loop (defined 
as the loop intersection with E-axes) is smaller that for the current one. The coercive field for 
the current loop corresponds to the inflection point on the polarization loop. In other words, 
ferroelectric-like polarization behaviour for the film comes from the cation migration.  
dt101 =τ
The ferroelectric polarization and electric current hysteresis loops calculated for fixed 
misfit strain %, different film thickness 5.1−=mu =h~ 5, 10, 20 and hierarchy of characteristic 
times  are shown in Figure 6. Qualitative similarity between the film 
behaviour under the misfit increase (Figure 5) and thickness increase (Figure 6) are evident. 
Namely, the square-to-slim transition of the polarization loop shape appears under the film 
thickness decrease from 
deLKh ttt <<<<
20~ =h  to 5. It can be observed from Figure 6a and 6b that the 
polarization hysteresis loops calculated for 5~ =h  are non-linear paraelectric-like for slow 
varying external voltage with period dt101 =τ , but become slim ferroelectric-like for the 
period , when the external voltage varies 10 times more rapidly. Corresponding 
electric current curves with smeared maxima at zero voltage confirm the paraelectric-like 
state of the film at 
dt=τ2
dt101 =τ  (Figure 6c), but for the case dt=τ2  the coercive field Ec 
appears indicating the ferroelectric-like state of the same film (Figure 6d). Here the 
ferroelectric-like polarization behaviour for the thinnest film comes from the donor 
migration. The film becomes a pronounced ferroelectric with the thickness increase, namely 
for thicknesses 10~ ≥h  we see a square-like ferroelectric hysteresis loop with pronounced 
coercive field and sharp maxima of electric current exactly at the coercive field. As 
anticipated from the LGD-description of the finite size effects in ferroelectric films [56, 57] 
the remanent polarization and coercive voltage increase with the film thickness increase 
(compare the loops for 10~ =h  and 20~ =h  in Figure 6a,b). The amplitude and sharpness of 
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electric current maxima also increases with the film thickness increase (compare the loops for 
10~ =h  and 20~ =h  in Figure 6c,d).  
Complementary to Figure 6, Figure 7 illustrates polarization and current loops for 
another hierarchy of characteristic times deLKh ttt <<  and different film thickness =h~ 5, 10, 
20. In comparison with Figure 6 the same loops in Figure 7 are changing in much more 
complicated way, but the film with thickness 5~ =h  mimics ferroelectric-like behaviour even 
for slow varying voltage with a period dt101 =τ .  
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Figure 6. Dynamic polarization (a,b) and electric current (c,d) hysteresis loops calculated 
from Eqs.(9)-(12) for different applied voltage periods dt101 =τ  (a,c) and  (b,d), film 
thickness 
dt=τ2
=h~ 5, 10, 20 (labels near the loops). Characteristic times  and de tt 1.0=
 20
dLKh tt 01.0= . Misfit strain % and Vegard coefficients 5.1−=mu 1−=W Å3, extrapolation 
length . All other parameters are the same as in Figure 2. PP L1.0=λ
 
 
 
-20 -10 0 10 20
-1 
-0.5
0 
0.5
1 
h=5 
h=10 h=20 
Field  E/ET 
τ1P
ol
ar
iz
at
io
n 
P 3
/P
S 
-20 -10 0 10 20
-1
-0.5
0
0.5
1
h=5 
h=10
h=20 
Po
la
riz
at
io
n 
 P
3/P
S 
(b) Field  E/ET 
τ2 
-20 -10 0 10 20
-1 
-0.5
0 
0.5
1 
h=10 
h=20
h=5 
τ1
C
ur
re
nt
   
J/
J 0
 
(c) Field  E/ET 
-20 -10 0 10 20
-1.5
-1
-0.5
0
0.5
1
1.5
C
ur
re
nt
   
J/
J 0
 
h=10 
h=5 
h=20 τ2 
(d) Field  E/ET 
 
Figure 7. Dynamic polarization (a,b) and electric current (c,d) hysteresis loops calculated 
from Eqs.(9)-(12) for different applied voltage periods dt101 =τ  (a,c) and  (b,d), film 
thickness 
dt=τ2
=h~ 5, 10, 20 (labels near the loops). Characteristic times , . 
Misfit strain % and Vegard coefficients 
de tt 3.0= dLKh tt 1.0=
5.1−=mu 1−=W Å3, extrapolation length 
. All other parameters are the same as in Figure 2. PP L1.0=λ
 
To summarize, the results of the section we underline that conventional Landau-
Khalatnikov dynamics of ferroelectric polarization and electric current hysteresis loops takes 
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place only at a hierarchy of characteristic times deLKh ttt <<<<  (Figures 5, 6), but it can be 
noticeably disturbed by the donor subsystem, once the inequality becomes not strict, e.g. at 
 (Figure 7). Irrespective of the relationship between the time scales ( ,  and 
) the changes in film thickness also have a strong influence on the hysteresis loop of 
electric current and polarization. But, the current loops undergo more pronounced changes 
than polarization loops under the film thickness increase. The shape of electric current 
hysteresis loops together with positions and absolute values of current maximum also 
changes in a significant way with the film thickness, misfit strain and the period of applied 
electric field. Hysteresis loops as a whole become narrower with the increasing of applied 
voltage period irrespective of the thickness and misfit strain. Further, the absolute value of 
the current maxima reduces with the decrease of film thickness irrespective of the given time 
scale. Eventually, it is worth noting that polarization and electric current loops shape 
calculated for the thinnest BiFeO
deLKh ttt << LKht et
dt
3 film are in a qualitative agreement with experimental 
results for ionic semiconductors.[ , ]58 59  The observed square-to-slim transition of ferroelectric 
hysteresis with the decrease in misfit strain for fixed thickness or with the decrease in film 
thickness for fixed strain is in qualitative agreement with the reported theoretical and 
experimental results (see e.g. ref. [60]). Also, our modelling revealed that the system 
behaviour in kinetic regime is strongly dependent on the time scales and misfit strain for 
ultrathin films of thickness close to the critical thickness of the size-induced phase transition. 
 
V. Summary 
We performed self-consistent modelling of the mobile donor kinetics and 
thermodynamics in thin ferroelectric films with misfit strain.  
Calculations performed for the thermodynamic equilibrium state revealed that the 
driving forces of the defect segregation are different for charged and electro-neutral defects, 
namely: 
1) The internal electric field (built-in and/or depolarization one) localized near the film-
substrate interface leads to the strong accumulation or depletion of charged defects in the 
vicinity of the interface, at that corresponding screening length exponentially depends on 
misfit strain. Although the analytical results were derived in Boltzmann-Debye 
approximation, the main conclusions about the strong dependence of the physical quantities 
on misfit strain remained valid for the more general case of Fermi-Dirac statistics considered 
numerically. 
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2) The Vegard mechanism leads to the redistribution of both charge and electro-neutral 
defects in order to decrease effective stress in the strained films. Thus, the misfit strain can be 
the stimulus of the strong gradient of defect concentration in thin ferroelectric films clamped 
by substrate. 
3) Importantly, our results can explain recent experimental observations [20]. Namely, for the 
case of BFO thin film epitaxially grown on LAO substrate our modelling predicts, that donor 
concentration decreases in 10 times at distances about 5-10 nm from the BFO/LAO interface. 
Kinetics of polarization reversal and electric current are defined by the complex 
interplay between the donor, electron and phonon relaxation times complicated by the finite 
size effect. Namely: 
1) Conventional Landau-Khalatnikov dynamics of ferroelectric polarization and electric 
current hysteresis loops takes place only when the phonon relaxation time is much smaller 
than the electron relaxation time, and, the electron relaxation is much smaller than the donor 
relaxation time. However, the Landau-Khalatnikov dynamics can be noticeably disturbed by 
the donor subsystem, when any of the time scale conditions are violated.  
2) Hysteresis loops of electric current undergo more pronounced changes under the film 
thickness increase than polarization loops. The shape of electric current hysteresis loops 
together with positions and absolute values of current maximum also changes in a significant 
way with both the film thickness and the frequency of applied field.  
3) The system behaviour in kinetic regime strongly depends on the time scales and misfit 
strain for ultrathin films. 
 Overall, a comprehensive approach on the behaviour of ferroelectric thin films under 
various influences such as misfit strain, chemical pressure, cation and donor migration and 
characteristic time scale of phonon relaxation were studied in detail and their critical 
influence on the functional behaviour were analysed. These results in tandem with the 
previously reported experimental results can be expected to provide more insight in-to the 
interfacial phenomena governing the functional oxide hetero-epitaxial thin films.   
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 Appendix A. LGD thermodynamic approach  
Let us calculate the defects distribution behaviour in a ferroelectric film of thickness h 
clamped by a thick rigid substrate. Axis  is perpendicular to the film surface.  is the 
film-substrate misfit strain. Gibbs potential bulk density is 
3x mu
[ , , ]1 2 3 : 
vacelectricflexostrictionelastictiltpol GGGGGG −− ++++= ,                            (A.1a) 
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Here  are polarization components, iP iΦ  is the structural order parameter (oxygen octahedral 
tilt), elastic stress tensor is ,  are electrostriction tensor coefficients,  are the 
rotostriction tensor coefficients,  is the flexoelectric coupling tensor,  and  are 
gradient coefficients tensor, ϕ is the electric potential, electric field is 
ijσ ijklQ ijklR
ijklF ijklg ijklv
ii xE ∂ϕ−∂= . 
e=1.6×10−19 C the electron charge,  is the defect charge (that is equal to zero for 
uncharged vacancies or isovalent impurities). Mobile charged species (e.g. substitution and/or 
interstitial defects, vacancies) equilibrium concentration is 
kZ
kN , its variation is 
kkk NNN −=δ , defects equilibrium concentration is 281025.2 ×<<kN  m-3. Vegard 
strain tensor  ij
kk
ij WW δ= [ , , ]4 5 6  is regarded diagonal ( ijδ  is delta Kroneker symbol). In a 
general case the structure of Vegard expansion tensor (elastic dipole) is controlled by the 
symmetry (crystalline or Curie group symmetry) of the material. Configurational entropy in 
Boltzmann approximation is ( ) ( ) yxyyyxS −= ln, . 
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 Euler-Lagrange equation for ferroelectric polarization and tilts can be obtained by the 
Gibbs potential variation on polarization components: 
i
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k
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P
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222 222                      (A.2a) 
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 The potential ϕ should be determined self-consistently from the Poisson equation: 
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ε0=8.85×10−12 F/m the dielectric permittivity of vacuum; bε  is a background permittivity,[ ]7  
 is the concentration of the electrons in the conduction band.  n
 Further let us consider out-of-plane components of the tilt and polarization for the 
sake of simplicity. The answer for more general case is listed in the main text. Equations of 
state ijij uG −=σ∂∂  give that in-plane and out-of-plane strains : iju
k
k NWRPQsssu δ+Φ++σ+σ+σ= 2312231233122212111111 ,                      (A.4a) 
k
k NWRPQsssu δ+Φ++σ+σ+σ= 2312231233121112221122 ,                     (A.4b) 
( ) kk NWRPQssu δ+Φ++σ+σ+σ= 23112311112212331133 ,                      (A.4c) 
124412 σ= su ,    134413 σ= su ,     234423 σ= su .                      (A.4d) 
ijs  are elastic compliances. For an epitaxial thin film clamped by a rigid substrate mechanical 
boundary conditions at  and 03 =x hx =3  are conventional: 
( ) ( ) muhuhu == 2211 ,          ( ) 003 =σ i .                                     (A.5) 
mu  is the film-substrate misfit strain. For the one-dimensional distributions mechanical 
equilibrium equation is 033 =∂σ∂ xi . Next one could recall the conditions of elastic 
compatibility ( ) 0,,inc , == kmlnjmnikl ueeuji ) . For the considered case they could be reduced to 
∂2u11/∂x32=0 (at that the distribution of u33 can be arbitrary along x3). Approximate solution is 
0231312 === uuu         muuu == 2211                      (A.6a) 
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In the simplest case the stress is: 
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Here  is the electrostriction tensor coefficient,  are the polarization components,  are 
elastic compliances. Flexoelectric coupling tensor is ijklF ote that one can ignore the impact 
of the flexoelectric coupling on the shear stress only for the case of purely out-of-plane 
polarization 3P≡P
ijklQ iP ijs
. N
x . ( )3
 
Appendix B. Ferroelectric polarization reversal and electric current kinetics in 
dimensionless variables 
Using dependencies of concentration of donors, ( )ddddd eZWEfNN ζ−ϕ+σ−−=+ 0 , and 
electrons, ( )( )TkEeFNn BCeC −ζ+ϕ= 21 , on the electrochemical potentials ed ,ζ , one can 
rewrite them via chemical potentials σ−ζ−ϕ=µ WeZ ddd  and ee e ζ+ϕ=µ , as 
 and ( )dddd EfNN −µ=+ 0 ( )( )TkEFNn BCeC −µ= 21 . Then coupled equations (2) and (4) 
become 
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In dimensionless variables the coupled equations for chemical potentials can be written as ( )( ) ( ) ( )( )( ) 0~~~~~~~~~~~
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In the most compact form: 
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Dimensionless variables and parameters involved in Eqs.(B.1) are listed in the Table 1. From 
the table one could get the donor concentration and electron density as 
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( ) ( ) ( )dddedded EfNNNNN ~~~ 0 −µ== +++  and ( ) ( )CedeC EFNNn ~~~ 21 −µ= + , where the equilibrium 
concentration of ionized donors is ( )( )( )TkEEfNN BFddde −−=+ 10 ,  is the maximal 
steric concentration of defect atoms. Approximation for inverse Fermi integral is 
0
dN
( ) ( ) ( )( )nnnnF ~1~ln4~3~ 3/2121 ++π≈− .  
Boundary conditions for currents in dimensionless variables are regarded donor-
blocking and electron-conducting at least partially: 
( ) 0~
0~
==zdJ ;   ( ) 0~ ~~ ==hzdJ ,                                       (B.2a) 
( )( ) 0~~~~
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Poisson equation for electric potential 
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Boundary conditions for electric potential 
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ω=ϕ = ,   ( ) 0~ ~~ =ϕ =hz .                             (B.3b) 
Dynamic Euler-Lagrange equation for polarization belongs to the Landau-Kahalatnikov type. 
It has the form: 
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Boundary conditions for polarization are: 
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All dimensionless variables and parameters involved in Eqs.(B.1)-(B.4) are also listed in the 
Table S1. 
 
Table S1. Dimensionless variables and parameters 
Quantity Definition/designation 
Dimensionless coordinate and thickness  
PLxz 3~ = ,    PLhh =~  
Correlation length at zero temperature  b
CTP TgL α=  
Curie temperature of a bulk material b
CT  
Dimensionless time ettt =~   
Characteristic electron and donor times TkLt BePe η= 2 , TkLt BdPd η= 2  
Dimensionless donor concentration  ( ) ( )dddedded EfNNNNN ~~~ 0 −µ== +++  
Dimensionless electron density  ( ) ( )CedeCde EFNNNnn ~~~ 21 −µ== ++  
Equilibrium concentration of ionized 
donors at zero potential and stress 
( )( )( )TkEEfNN BFddde −−=+ 10  
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Dimensionless electric potential Tke Bϕ=ϕ~   
Applied voltage TkeUV B=~  
Dimensionless chemical potentials TkBdd µ=µ~ ,   TkBee µ=µ~  
Dimensionless donor level TkEE Bdd ≈~   
Dimensionless conduction band position TkEE BCC =~  
Dimensionless Vegard coefficient coupled 
with misfit ( ) Tkss
Wu
W
B
m
m
1211
2~
+= , ( ) Tkss
NW
w
B
d
1211
02
2 2~
+=  
Dimensionless electron and donor currents 
TkN
JLJ
Bede
eP
e η= +
~ ,   
TkN
JLJ
Bede
dP
d η= +
~   
Dimensionless rate constant and 
concentration ξη=ξ Tk
L
Be
P~ ,   +=
de
b
b N
nn~  
Debye screening radius  ( )+εε= deBbd NeTkR 2330  
Characteristic temperatures  
SP
B
b
PeL
Tk330εε=χ ,   
PSCT
B
LePT
Tk
α=θ  
Landau-Khalatnikov time b
CTLKh Tt αΓ=  
Dimensionless polarization  
SPPP 3
~ =   
Spontaneous polarization at zero K  βα= bCTS TP   
Dimensionless electrostrictive coupling 
( )1211
124
ssT
uQq
T
b
C
m
m +α= , ( )1211
124
ssT
NWQq
T
b
C
de
W +α=
+
 
Spontaneous polarization at temperature T ( ) β−α= TTP bCTTS  
Thermodynamic coercive field ( ) ( ) TSbCTTcr PTTE −α= 332  
 
Numerical solution of the system (9)-(12) was done for the case of completely 
electron-conducting electrodes with ( ∞→ξ~ , 1~ =bn ), different film thickness 205~ −=h  and 
characteristic times ratios dLKh tt  and de tt . 
Approximation for inverse Fermi integral is ( ) ( ) ( )( )nnnnF ~1~ln4~3~ 3/2121 ++π≈−  was 
derived from the expansion  
( ) ( )
( )
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21 44
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3
4
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2
−
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π=ξ ∫ dF    (B.5) 
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Appendix C. Equilibrium concentration of neutral defects in the parent phase 
Finally let us consider the model situation when defects are not charged ( 0=Z ), 
spontaneous polarization and tilt are absent in the parent high temperature phase 
corresponding to the deposition conditions. Corresponding part of the energy bulk density is: 
( )( ijijklijijkl NzNWsG σ−−σσ−= 2 )                                   (C.1) 
Equations of state ijij uG −=σ∂∂  give that in-plane and out-of-plane strains are: 
( ) ( )zNWssszu δ+σ+σ+σ= 33122212111111 ,                      (C.2a) 
( ) ( )zNWssszu δ+σ+σ+σ= 33121112221122 ,                    (C.2b) 
( ) ( ) ( )zNWsszu δ+σ+σ+σ= 112212331133 .                      (C.2c) 
Here all designations are the same as in Appendix A. Boundary conditions for strains in a 
thick single-domain film are ( ) ( ) muuu == 00 2211 ,  is misfit strain, and . Keeping 
in mind that , solutions for the stresses derived from Eq.(C.2) are: 
mu ( ) 03 =σ hi
( ) ( )zuzu 2211 =
( ) ( ) ( ) ( )( ) ( ) ( )( )zNWzuczNWzuccz mm δ−+δ−+=σ=σ 33121112112211 ,     (C.3a) 
( ) ( ) ( )( ) ( ) ( )( )zNWzuczNWzucz mm δ−+δ−=σ 3311111233 2 ,        (C.3b) 
Where ( )( )12111211
1211
11 2ssss
ssc +−
+= ( )( )12111211
12
12 2ssss
s
+−
−=, .  c
 Mechanical equilibrium condition 0=∂σ∂ jij x  gives Lame equation: 
033 =∂σ∂ z .                                                           (C.4) 
Equation (5) leads to const=σ33  that allowing for the boundary conditions  gives ( ) 03 =σ hi
033 =σ .                                                                   (C.5) 
Mechanical compatibility conditions in 1D-case gives for the film infinite in x,y directions: 
( ) ( ) muzuzu == 2211                                                     (C.6) 
Using Eqs.(C.5)-(C.6), Eqs.(C.3) acquire the form of equations for  and 
: 
( ) ( )zz 2211 σ=σ
( )zu33
( )( ) ( ) ( )( )zNWzuczNWuc mmm δ−+δ−= 33111220 ,     (C.7a) 
( ) ( ) ( ) ( )( ) ( ) ( )( )zNWzuczNWucczz mmm δ−+δ−+=σ=σ 331212112211 ,     (C.7b) 
From Eqs.(C.7) nonzero stresses and out-of-plane strain are  
( ) ( ) ( )
1211
1122 ss
zNWu
zz mm +
δ−=σ=σ ,                                     (C.8a) 
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33
2
                               (C.8b) 
Substituting stresses (C.5), (C.8a), strains (C.6), (C.8b) and 012 =σ  in the free energy (C.1) 
after Legendre transformation, 121222221111 σ+σ+σ+= uuuGF , after elementary calculations 
we obtain the variation of the free energy density: 
( )( )
( )
⎪⎪⎩
⎪⎪⎨
⎧
+
+
δ−
=δ
defectsno
ss
u
existdefects
ss
zNWu
F
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m
,
,
1211
2
1211
2
           (C.9) 
Since always ( , the variation is positive and the ratio ) 01211 >+ ss
( )
( )
( ) 2
1
0
0
⎟⎟⎠
⎞
⎜⎜⎝
⎛ δ−==δ
≠δ
mu
zNW
NF
NF
.                  (C.10) 
So defects redistribution becomes the most thermodynamically favorable when 
, i.e. when ( )zNWum δ≡ ( ) W
u
zN m=δ  is homogeneous, but not gradient. On the other hand 
one can conclude from Eq.(C.10) neutral defects try to reach homogeneous distribution inside 
the film in paraelectric phase, but the equilibrium may not be reached in a real time scale due 
to high times of e.g. cation diffusion. 
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